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STABILITY OF A PLASMA ROTATING IN
CROSSED ELECTRICAL AND MAGNETIC FIELDS

V.V. Dolgopolov, V.L. Sizonenko, andoK.N..Stepanov

Introduction /18%

Electrons and ions rotate with different angular veloclties
in a plasma cylinder in longitudinal magnetic and radial electric
fields, owing to the presence of centrifugal forces. The relative
movement of electrons and ions may be the cause of formation of
various instabilitiesiin such a plasma. In this case, both small-
scale longitudinal oscillations of the plasma, for which plasma
inhomogeneities are insignificant, and oscillations of the drift

wave type and channeled disturbances can be excited [1].

These instabilities lead to plasma turbulence and its heat-
ing. High-frequency turbulent noise in the plasma, the frequencies
of which considerably exceed the ion cyclotron frequency, were
discovered experimentally [2-5]. This instability also was studied
experimentally in works [6-8], in which excitation of powerful ion
cyclotron oscillations, accompanied by strong heating of the ion
component, were discovered and investigated, in addition. Turbulent
heating of the ion component and turbulent, high-frequency pulses
in the rotating: plasma also were studied experimentally in works
[9-10]. Evidently, observed heating of ions in an ion magnetron
can be explained by the presence of a similar type of instability
[11].

The stability of a rotating plasma cylinder 1s investigated
in this work, and it is shown that, along with high-frequency
longitudinal oscillations in such a plasma, excitation of oscil-

lations, with frequencies and increments on the order of the ion

¥Numbers in the margin indicate pagination in the foreign text.



1. Short Wave Oscillations

In the equilibrium state, the distribution function of a-type

particles is determined from the equation

Lo, v, o, of of
R R T i Tl (1.1)
) A . B

where Egj(r) is the voltage of the radial electric field, wy, <
= euHO/mac is the gyrofrequency of a-type particles, ¢ and ¢
are the azimuthal angles in normal space and in velocity space,
respectively, and v, =v] x cos(® - ¢), Vo = v| sin(¢ - ¢).

If the Larmor radius of the particles is considerably less
than the radius of the plasma; the first term in Eq. (1.1) can
be disregarded and v¢/r can be replaced by the angular velocity
of rotation wy. Then, with Wy, independent of r, we obtain the

following expression from (1.1):

| m g m I
oa =" 2nT,,) exp | — 57~ [+ (g = 100) "“"3‘}' (1.2)
In this case, the value of the rotational velocity U, = T, is

determined from the equilibrium conditions

lu2 e 1 bp;i
. “=-rf-Eo+uam,,,,— , (1.3)

where Py =_n0Ta.
Let us examine the case of short wave oscillations, when
plasma inhomogeneities can be disregarded. (For this, the
longitudinal wave number kll must not be very small.) We shall
look for a solution for a field disturbance E = -Vy and the
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distribution function,f&'=,f0dga, in the form
,‘p’ga,\,exp{i[k"z—l—mtp-i—Sk,dr—mt“,J (1.4)

where m is a whole number. Then, disregarding values.connected
with the density gradient, we obtain the following equation for

-

, (1.5)
! ) aga
i(kﬂvz—m—}-mwa—}-klvlcosﬁ)ga—(coﬂu-}-?cou)-EE—=Ra(ﬁ),
where .
v;=vw—frma =v sin®, vr=v'1_cosﬁ’, =9 —8B, k,=klcosﬁ,

k="

- .
“o — =k, sinf, R (8) =— i7—,‘:—1p(klv'1_cosﬁ+knvz).

If the replacement of variables VL' > V|,is made in Eq. (1.5),

‘ﬁlém_q>, m_..mma'->‘o.), 0y, F 20, > 0y, ] ’ \(116)

it coinc¢idesuwith the equation for the oscillator portion of the

distribution function in a quiescent plasma.

Integrating Eq. (1.5) and substituting the expression obtained
for ) fy = f948, 10 the Poisson equation, we obtain the following
dispersion equation:

14+ }_‘Gea(w)rgd,ﬁ

[ ' .
where | ¢ (1.7)
w2 - ? 'kz Ug'a
&a = 2:7': [1 i Vnzoa >" An (P'a) i (Z"“) ] e ((DH f*‘ 2(0.;)2 ’
a At a
| e (1.8)
; kL = R} kD,
© — mo, — n (0, + 20,) —x
= — , A (x) = 1 (¢ y
Z,, Vit o, n () 2 (%)
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Dispersion equation (1.7), of course, has the same form as
for a uniform plasma with a transverse current [12, 13], and it
is only necessary to carry out replacements (1.6). The value
u¢ = ru, plays the part of transverse velocity, and the value k¢ =
= m/t, the part of azimuthal component of the wave vector. There-
fore, in those cases when effects connected with the extremity of
the Larmor radius do not play a part, instabilities in the rotating
plasma are similar to instabilities in a uniform plasma with a
transverse current, and the expressions presented in works [12-15]
can be used for the frequencies and growth increments of the
oscillations. However, the frequencies and growth increments
of oscillations and instability threshold in a rotating plasma
can differ significantly from those in a uniform plasma, for
oscillations for which the extremities of the Larmor radius are
significant; this refers especially to the case of resonance

= ~2W

w .
Ha a

Let us investigate the dispersion equation in a series of
limiting cases. Here, we will assume everywhere that the oscil-
lation frequencies are considerably less than the electron gyro-
frequencies and, moreover, that IwHe] >> kJWVTe' In this case,

it can be assumed that

e

i O, = Oe) Ao (p'e)]'

(1.9)

ol

a) Let us examine hydrodynamic instabilities, for which

B, << 1 and IZnal >> 1. In this case, Eq. (117) takes the form
o m2 cos’®
—= = 0) .
T+ 5 mm —mw )2 Z (0 —mo ) — (comz + 20,)? (1.10)



where cos2o =,kﬂ'/(ﬁil+ ki:).<< 1.

. If wpi R Ogpo Eq. (1.10), with cos @ ~ me/mi,_has the
§67Ution
(1.11)
Rew — mw; ~Imo ~m|e, — ;| ~ o,
where o . ‘
0, = ——=2— ~min (0,5 VmH‘.I(oHe D-

,, -
w?

v/14'7g

! mHe

The frequency and growth increment of these oscillations is
considerably larger than the ion eyclotron frequency, so that

the ions can be considered unmagnetizéd. In this case, dispersion
21, it is only necessary

equation (1.10) can be used and, with My
to disregard (wHi + Zmi)gincomparison with (0 - mwi)z.

We note that, in the presence of ions of two or more kinds,
moving relative to one another with velocity u = r|mil - wi2|’
excitation of ion-ion.icluster instabilities is possible, with

frequencies on the order of

‘]‘ Rew ~Imo ~ |m(oy — o) | ~ op (coszg <@
: . . ‘ m )

in which electrons do not take part in these oscillations.

~

If cos’0 >> m_/m; the term dependent on ions in (1.10) is
small in comparison with terms dependent on electrons, only if
w is not close to.mwi. Assuming w =_mwi'+ Aw, Where
Im(w, - wy )| >> law| >> wyy, we obtaln
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2 2 2
l/ wZ,cos® l—m"’
;2 2
m? (o, — o) o}, ‘

Under resonant conditions,

©pe COS 9

l/ 1 + “’He

|m(a) —mz)l_

b

the growth increment reaches a maximum value:

+ 14+ iV3 (0kopm.cos )
= o3

In the case of very low density (w i ), oscillations

W1
propagating at an4 angle 0 to the magnetlc fleld which is not
close to w/2, also can be unstable. In this case, dispersion

equation (1.10) should be replaced by - the equatilon

m“’ c052@) 2[ m2 cos’@ mga sin?® - ] ‘
(w-—mm)“‘ (@ mm)2 — ma)t — (04, + 20)% | (1.12)
Its solution is close to mwi:
(1.13)
© = mo; + Ao (Ao |LIm (0, —o)]),
where N " @py €OS O ,
i l//l @pe COS O r A
m(o, —o)| —
( (1.14)



ir m(we - wi) is;ggtnclqse'to:wpecose,,,and

| L4+iV/3 m, \\3
) A(D:__:!—:——;-;TIS——I/_ mmCOSG(’r‘nT) ,

(1.15)

if m(we - wi) =,wpecose; In obtaining these expressions, we
assume that [Aw| << ]wHi+h2mi|.

In addition, this equation has still another solution, close
tow= muw;, + (w t 2wy ). One of them corresponds to unstable
i Hl 13 l// Gl O iy
oscillations; it mwy |le + Zwl] . wpecose + mw,. In this case,

Imw = Yy, where

) g = ©?,sin’® @, cos® }
| 4 o, + 20, °
Do - —H ¢ (1.16)
We note that conditions for applicablility of the hydro- /22

dynamic approximation for unmagnetized oscillations with frequen-
cies (1.11)

m(,—o

)
o |>>1 12,

_lm@,—o
k;_vn

Izoe|~l ‘)l»ll

IEI
V2kUTi (1.17)

are satisfied, if the relative azimuthal velocity of the particles
u is considerably greater than the thermal veloclty of the ions
and the velocity of sound.

b) We will consider the condition u »»> Vpy to be satisfied.
Let us demonstrate that, iIn this case, there is a high-frequency
kinetic instability, with frequency and growth increment (1.11),

in a two-component plasma, with hot ions and cold electrons.

Since the lons are unmagnetized for high-frequency oscilla-

tions,
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. 9 _ -
8, = k‘”ﬂ‘ [l+il/nziw(z,-)].J (1.18)

Considering condition (1.17) to be satisfied for electrons, we can

%=%_%m%
. @7, (@ —mo)?* (1.19)

Substituting (1.18) and (1.19) in Eq. (1.7), and assuming
m(w, - wy)|, we obtain

assume

= , + 1 ; R
w mw 4 1Y s Where v

F)=1—V nxe” — 2e"'jé"’dt= Ly [ @}, 05" O —1 mﬁe] ,
0

m%l m? (me - mi)z o (D?-Ia (1.20)
where x = 75;%—_ . The function f(x) decreases monotonically

from unity to zéro, with increase 1n x from 0 to infinity.
Therefore, dispersion equation (1.20) has a solution x n 1, if

the right part of (1.20) is on the order of (but less than) unity.
In this case, for y ~ kv, s We obtain an estimate of (1.11).

From the condition that the right part of (1.20) is on the order
of unity, we find that characteristic values of cos® are equal,

in order of magnitude, to

u m,
COS@NFTI— ;1-:'<<l, k'\'kq>

(1.21)

The conditions for applicability of the estimates obtained
(’ZOel >> 1) are satisfied if Ti >> T

Dispersion equation (1.20) is not applicable under resonance
conditions, when the right part of Eq. (1.20) returns to zero



pe COS O

Im(we'—'ml)l: (.02 '
v/l_km (1.22)

He

In this case, using (1.18) and (1.19), we find that dispersion
equation (1.7) takes on the form

L a— Al 4 VR E] =0 0 25

where

~

m? (o, — ©,)® [ coge cos’ 8 o2 ] o2m® (o, —o)?
= V 8kvno)2 cos? 9 - V_Sk"‘vgiwge cos? @’

From here we find that Re z; ~ TIm Z4 n~ 1, at lzgl £ 1 and ninol,

i.e.

(02,0, cos ©)'/3

(1+ e )m . (1.24)

mﬁe

Reow —mo, ~y ~ kv, ~

Thus, under resonance conditions, the growth increment for
the kinetic instability (y ~ kVTi) is on the order of the maximum
growth increment of . hydrodynamic oscillations.

For applicability of expressions (1.23) and (1.24), it is
necessary that the conditions He = k2p << 1 and IZOe|ﬂ>> 1l.be

satisfied. These lnequalitles are satisfied if

1/3
l/ vrz



c) In a strongly nonisothermal plasma, with hot electrons
and cold ions (T, »> Ty), with u >> v = /T;7ﬁ;, the development
of high-frequency (y >> Wy .) oscillations of the ionic acoustic
type is possible in a twg—component plasma. In this case,

|z | >> 1 and Sey = "TE—ELEU—72' Taking expression (1.9) into

account for 6ee, we obtain f%om (L.7)

© = mo; + = Ot , (1.25)
1/1+ —5- 1 +iVazw(z,) A, ()]
k.UTe
where
Zpp = m(m_i— e)
y 2ku°re

With |zq| Nl kp, 3 1 and w, N kv in accordance with

A pe Te?
(1.25), in order of magnitude, we have

Y~ Voglogl, 0, =0l (1.26)

The conditions for applicability of expressions (1.25) and (1.26),
fzg| >> 1, are satisfied if T  >> T,

d) 1In an isothermal plasma (T, n T,) of high density
(wpe >> |wHe|), kinetic instabilities, with growth increment
Y >> wyis 21lso exist at u >> vpg. The lons can be considered
unmagnetized for such oscillations, and expression (1.18) can be
used for §e;, and expression (1.9) for §e,. In thls case,
|ZOe| |z | ~ 1 for kinetlc instabilitles, so that electrons and
jons with thermal velocities are resonant. The growth increments
of these oscillatilons are determined in order of magnitude by

relations (1.11).

10



Let us proceed now to study of oscillations, frequencles and
growth increments, which are comparable to ion cyclotron
frequencies.

e) Let us begin with examination of hydrodynamic instabil- /24
ities in a low-density plasma. At wpi g Wiy 3 dispersion equation
(1.10) has the solution

Reo—mo, ~y~m (0, —0) ~op, J

R (1.27)

£f) Let us now examine oscillasions with a finite ion

Larmor radius (¥; % 1), Assuming that [znil >> 1, and using

expression (1.9) for Se,, at IzOeI << 1 and u, << 1, we present
dispersion equation (1.7) in the form
T, 2 (0 —mo)? A, (1)
2 2 i i n A\ _ —
T+ Ky + T,. (© — mo)’— n® (o, + 20)* 4 ()

.n=1

T T
=_1VJIZOeTL—"V;20i 2 A, (n)e ™. -
[ 4

N=-—0CO

(1.28)

Discarding small terms in the right paft of this equation,
we find the natural frequencies w = w(j) (ui,.m), corresponding
to longitudinal ilon cyclotron oscillations. Graphs of these
frequencies vs,. My at wy = 0 have been presented in works
[16, 17]. We can use the-:results of [16, 17] for determination
of the frequencies w(j)(ﬁi, m), taking substitutions (1.6)
into account.

Considering the smallness of the right side of (1.28), it
is easy to find the growth increment of the cyclotron oscillations

11



g - Ti - X . -z, . |
h VnzOeT:+ Vaz, ZAn(P‘i)e » L (1.29)
Y‘=——

N—=—co

Y An () 1 (0 + 20,) (0 — mo, — noy, — 2o )
n——co ) .
where
. = a)m—mm, , o' — mo)‘—: n(e,; + 20,) ‘
I Vb, © " V 2k, o5,

The boundary of the instability region can be determined,
assuming vy = 0. Using the results of [16], we find v the
critical value of the relative velocities of electrons and ions,
above whilch excitation of cyclotron oscillations is possible,
uér << Vg -+ However, it should be remembered that applicability
of the expressions obtained above for the frequencies and growth

increments of the high-frequency oscillations are limited by the

conditions y >> |wHi + 2wy|. At Ty »> T_, the maximum growth

increment of the electron-acoustic oscillations

; ——— [ u\?
’sz,ISVmHAmml(a;;)

becomes very small at u << vp;, and the inequality Y >>_|wHi +_2wi]
can be destroyed. However, under resonance conditions

Wiy n -2w;, this inequality will be satisfled, even at small u,

so that the excitation threshold of electron-acoustical oscilla-
tions actually will be very low.

2. Stability of a Nonhomogeneous Rotating Plasma

~
N
(o2}

Let us proceed now to Investigations of disturbances, for
which inhomogeneities of the plasma prove to be significant. 1In

12



this case, we restrict ourselves to examination of escillations,
for which the presence of thermal movement of electrons is
negligible, so that the hydrodynamic approximgtion can be used
to describe them. (Instabilities of a rotating plasma, for
description of which a kinetic analysis is necessary, were
investigated at k[|= 0 in a number of works [18, 19 and others].

Linearizing the equations of motlon and continuity equations
for electrons and ions, we present the Poisson equation in the
form [1] ‘

F( ) (e sanee | e
where !
0y

f= 1_2 (é—mm W) — (@, + 20)% "

2 Oy + 20 o O
= (@ —mo [(m— mo)? — (0, + 20,)% ’

& =1— E(co—-mo) )2

Satisfaction of the inequalities p, << 1, Iznel >> 1, and

|zi| >> 1,1s necessary for applicability of the hydrodynamic
approximation in analysis of hilgh-~frequency oscillations

(y >> wﬁi). In addition to that, in the case of a low-density
plasma, satisfaction of the inequalities u; << 1 and |zni| >> 1

is necessary.

Let us examine the solution of Egq. (2.1) 1in several cases.

13



a) If the transversé'wavelength 1s considerably less than
the characteristic dimensions of the plasma inhomogeneity,
solution of (2.1) can be sought by the Wenzel-Kramers- Brouillon
method. The, substituting expression (1.4) for v 1n'(2.1), we
obtain, in the local approximation, the dispersion equation

&, + e, c0s*® + kl ‘28:

e
=0, coszé-)z—le-z"—(( 1.
L4

(2.2)
It follows from Eq. (2.2) that, for the unstable oscillations

investigated above, approximation of a uniform plasma 1is applicable

only at quite large values of kll:

de
k2 k _l.\'
1 les| > ® dr J (2.3)

In this case, Eq. (2.2) coincides with Eq. (1.12).

In a dense plasma (wpi >> |wHi + 2wy ), Eq. (2.2), as in the

case of a uniform plasma, has a solution, with |Rew - mwi|

In this case, disregarding the

and Y

considerably greater than Wypg

contribution of ions to e, and e3, we obtain [20]

m’ o)fx cos?® w? % 02

1 . Di . npi =0,
""' T (0 —mw ) (o— m(_n )2 k¢mﬁz (0 —mo) (2.4)
where =
%, = -‘g In mg‘.. ‘

By satisfying the inequality opposite in sign to (2.3),

;‘ki<<|mf,e||”nkw|v] (2.5)

14



this equation has a solution [20]

®p;

Rew—mm‘=kwu=:l:‘—/——w—3e—. i (2-6)
Vite,
®x,u \1/2 \

v=lhgl () ke (2.7)

In the case of a low-density plasma (wpi 5 wHi)’ by satis-

fying an #nequality opposite to (2.3), Eq. (2.4) has the form

2 2
mpi X O

[
n"pi o |
1— ©—mo)? — (o, + 20)° ko, ©—mo) =0. I (2.8)

@ Hi

The growth increment reaches a maximum value

Y o [l \
"m“"ﬂ(k;um,,, | (2.9)

by satisfying the resonance condition
.‘Re(o=mm‘:i:[m§i+(mm+2(o‘.)2]1/2=mco‘. (2.10)

In this case, the inequallty opposite to (2.3) has the form (2.5),
where 1t should be assumed ¥y = Yp

b) If the rotating plasma is Uniform in the region r < a
and its density decreases sharply to zero at r n a, Eq.'(2.1)
has a solution of the surface wave type, localized close to the
sharp boundary r = a. Let us obtain the dispersion equation for
surface waves.

15



The solution of Eq. (2.1) has the form

. ‘p=A1m(kr) (r<a)v ||
9= BK, (k) (>a), |

where k° = k2 23 s Im(x) is a Bessel function from the imaginary

argument and Km(x) is a MacDonald function. Using the continuity
conditions y(r) at r = a and the second boundary condition

i )
“ dr l’.—-—a—-o N kwezlp Vmso = dr ‘/=a+0 ,

(2.11)

which is not difficult to obtain, integrating Eq. (2.1) over a
narrow region close to r = a, we obtain the following dispersion /27

equation:

I,.(k,a)

ke I, (ka) — ke 1, (ka) = k K (%, 0) Kot,a

(2.12)

Let us note first of all that, for axially symmetric oscil-
lations (m = 0), Eq. (2.1) coilncides with the dispersion equation
for symmetric waves in a plasma cylinder, in the case of a
quiescent plasma and, naturally, it does not have unstable
solutions.

Let us examine dispersion equation (2.12), for the case of
short waves (ka »> 1, k¢a >> 1). In this case, we find from
(2.12) that

!' I/k‘z’ 4+ B2 e — koty + Vi + B =o.1
‘ . (2.13)

16



This equation, if substitutions (1.6) are taken into account,
colncides with the dispersion equation for surface waves on a
flat boundary of a magnetoactive plasma-vacuum.

In a dense plasma (wpi >> wﬁ%),Eq. (2.13) has a solution
with Re w >> wyy and vy >> wyy. At kI|='0, it takes the form

o ©2, o?
9 pe pi . i _
+ 0, (0— mo)? + mgnmmm (@ — mo,) 0. ‘ (2.14)

i

The solution of this equation in the high-frequency region

i 2
sign ma?,

2
:m,,,|(2+ "’;‘) (2.15)

(_")Ha

0 = mo, —

corresponds to stable oscillations. One of two solutions of

Eq. (2.14) in the low frequency region
| Reo = mo,

is unstable, if u = Ug = Uy > 0, in which

. ) U] .
y=Voyul me,—o)l [m(o,—o0)| K Ve .
_ | ) (2.16)

w?
‘°m(2+5§£

. He

Expression (2.16) is applicable, in order of magnitude and
at k||%,0, if

il

mHe
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